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Differential forms on real manifolds.

Definition

A real n-manifold is a topological space X that is locally
homeomorphic to Rn.

Remark

Furthermore, X is smooth if, for any x1, x2 ∈ X with associated
open neighborhoods Ui and homeomorphisms ϕi : Ui → Rn, the
composition

ϕ2 ◦ ϕ−1
1 : Rn → Rn

is infinitely differentiable on ϕ1(U1 ∩ U2) = ϕ2(U1 ∩ U2).
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Figure 1: We require that the composition ϕ2 ◦ ϕ−1
1 is smooth.
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Definition

A differential n-form α on a smooth manifold X is a section
α : X →

∧n T ∗X =
∧n Hom(T ∗X ,R) of the cotangent bundle

over X .

Figure 2: For any p ∈ X , it is the assignment α : p 7→ (ϕp : TpX → R).
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Hodge Theory

Let X be a compact smooth manifold, and let Ωk(X ) be the vector
space of differential k-forms on X , with α ∼ β if α− β is exact.

Definition

Denote by Hk
dR(X ) the kth homology of the chain complex induced

by the exterior derivative di : Ω
i (X )→ Ωi+1(X ):

O(X )
d0−→ Ω1(X )

d1−→ . . .
di−1−−→ Ωi (X )

di−→ . . .

Hk
dR(X ) is the kth de Rham cohomology of X .

That is, Hk
dR(X ) = ker(d :Ωk (X )→Ωk+1(X ))

im(d :Ωk−1(X )→Ωk (X ))
.
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Hodge theory (cont.)

Remark

There is also a codifferential operator,

∂i : Ω
i (X )→ Ωi−1(X ),

defined as the formal adjoint of d .

Definition

△i = (di + ∂i )
2 is called the i rh Hodge Laplacian. A differential

form α annihilated by the krh Hodge Laplacian is a harmonic
k-form.
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The heart of Hodge theory

Theorem (de Rham’s Theorem)

Let X be a smooth manifold. Then for each k ∈ Z≥0, there is an
isomorphism

ρk : Hk
dR(X )

∼−→ Hk(X ,R)

induced by integration of differential forms:

ρk : [α] 7→
(
C 7→

∫
C
α

)
.

Theorem (Harmonic representatives)

Each de Rham cohomology class [α] ∈ Hk
dR(X ) contains a unique

harmonic form hα.
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The heart of Hodge theory

Combining the above theorems with the fact that
dimHk(X ,R) = dimHk(X ,R), we obtain a bijection

{
harmonic k−forms

on X

}
1:1←→

{
generators of

Hk(X ,R)

}

Proposition

The multiplicity of the 0-eigenvalue of the kth Hodge
Laplacian on X counts generators of the kth simplicial
homology of X .
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p-adic Hodge Theory.

When X is instead a compact Kähler manifold, we have the
canonical Hodge decomposition

Hk(X ,C) =
⊕

p+q=k

Hp,q

 ∼−→
⊕

p+q=k

H p,q(X )
∼−→

⊕
p+q=k

Hq(X ,Ωp
X )


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p-adic Hodge Theory.

The period isomorphism can be defined for general schemes over C
as follows.

Theorem

Let X/k a k-scheme, with ι : k ↪→ C an embedding. Then there is
an isomorphism

H∗(X ,Ω•
X/k)⊗k C

∼−→ H∗(X an
ι ,Q)⊗Q C

depending on ι. Furthermore if X/k is proper and smooth, this
isomorphism is compatible with the Hodge Filtration induced by
the naive filtrations on the de Rham complexes.
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p-adic Hodge Theory.

There is actually an analogous version of Hodge theory adapted
non-archimedean (e.g. p-adic) settings, with a proof in the same
spirit.

Theorem

Let X/k be a smooth k-variety with smooth normal crossing
compactification, with k a p-adic field. Then there is a comparison
isomorphism

ρ : H∗
dR(X )⊗k BdR

∼−→ H∗
ét(X ,Zp)⊗Zp BdR

between de Rham and étale (Weil) cohomology theories.
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Figure 3: Two point clouds. How can we compare their topological
features?
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Definition

A finite union of points X = {xi}Ni=1 in Rn is a point cloud.

Definition

The union of balls Xr =
⋃
Bxi (r) is the r -augmented point cloud.

Remark

A sequence 0 = r0 ≤ r1 ≤ . . . of real numbers induces a filtration
of manifolds

X0 ↪→ X1 ↪→ X2 ↪→ . . .

which, for each k ∈ Z≥0, induces a sequence of vector spaces

Mk := Hk(X0)
ϕ1−→ Hk(X1)

ϕ2−→ Hk(X2)
ϕ3−→ . . .

called the persistence module of X (with respect to the ri ).
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Figure 4: The augmented point clouds Xr and their Betti numbers
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Figure 5: The associated persistence barcodes.
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Persistence barcodes

Theorem (Structure theorem)

Each persistence moduleMk admits a unique decomposition as a
finite direct sum of interval modules

Mk =
⊕
ri

Ir1,r2

where, for r1 ≤ r2 indices of the filtration, Ir1,r2 is a persistence
module of the form

Ir1,r2 = 0→ · · · → 0︸ ︷︷ ︸
r1

→ k
Id−→ . . .

Id−→ k︸ ︷︷ ︸
r2−r1

→ 0→ . . . ,
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Definition

The kth persistence barcode Bark(X ) of (X , {ri}) is the multiset
of intervals

Bark(X ) = {(ri1 , rj1), (ri2 , rj2), . . . },

where the (ri , rj) are the indices appearing in the decomposition

Mk = Iri1 ,rj1 ⊕ Iri2 ,rj2 ⊕ . . .

. The ri and rj birth times and death times, respectively.

Remark

Elements of Bark(X ) that are “long” (with respect to some
statistical significance level) represent statistically significant
homological features of X .
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Remark

Elements of Bark(X ) that are “long” (with respect to some
statistical significance level) represent statistically significant
homological features of X .

Representation Theory of Barcodes

The category of persistence modules over a commutative ring R is
equivalent to the category of finitely generated graded modules
over R[t].

In particular, if R is a field, then any barcode is encoded as an
endomorphism of a real vector space.
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Persistence in Practice

Persistent homology is very useful for analyzing the shape of noisy
data sets.

Cosmological data

The problem of detecting

voids (H2 generators),

loops (H1 generators),

clusters (H0 generators)

in points of mass sampled from the “cosmic web.”
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Proposition (from before)

The multiplicity of the kth 0-eigenvalue of the Hodge
Laplacian on a smooth manifold counts generators of the kth

simplicial homology.

Now, let
Xr0 ↪→ Xr1 ↪→ Xr2 ↪→ . . .

be an increasing filtration of (almost) manifolds.

We can develop an analogous theory of persistent Laplacians for
this filtration. In particular, the Proposition implies that the
persistent Laplacian is strictly stronger than the persistent
homology.
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Persistent Hodge theory

As discussed earlier, the spectrum of the Laplacian encodes
important geometric information, but does not uniquely determine
the geometry. That is, we cannot hear the shape of a drum.

A reasonable step, then, is to analyze the evolution of the spectra
over a filtration of manifolds, to understand which geometric
features are informed by the Laplacian spectra.
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Hearing shape.

Let E1 and E2 be plane regions bounded by curves Γ1 and Γ2, with
associated eigenvalues and eigenfunctions denoted by {λi , ψi}i∈I
and {λ′i , ψ′

i}i∈I , respectively. Furthermore, assume that λi = λ′i for
all i .

Question

Are E1 and E2 congruent (i.e. isometric)?

Answer

No. There are several examples of E1,E2 that are isospectral but
not isometric. Thus we can not deduce the shape of a drum based
on its harmonic overtones.
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Figure 6: Two isospectral but not isometric plane regions.
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Interpreting Laplacian spectra.

If they can’t be used to infer shape, what are Laplacian spectra
useful for?

1 Determining area.

2 Graph theory.

3 Dimensionality reduction.

4 Signal processing.
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Figure 7: A filtration of 2-manifolds. Persistent homology does not
capture e.g. the change in homotopy type from r =

√
2 to r =

√
2 + ϵ.

That is, persistent Hodge theory has a richer structure which captures
geometric changes in the absence of (co)homological changes.

Sachen New Techniques in TDA



Background
Persistent Hodge Theory

Conclusion & Further Directions
References

Can you hear the shape of a drum?
Further directions

It is possible to define an analog of the Hodge Laplacian that
captures the evolution of spectra in a filtration of manifolds.

Proposition

There exists a differential operator, the b-fold kth Hodge Laplacian
on the manifold Xa

△a,b
k : Ωk(Xa)→ Ωk(Xa)

whose kernel is precisely the harmonic k-forms on Xa whose images
under ι : Xa ↪→ Xb are also harmonic.

Remark

Furthermore, the spectrum of △a,b
k is precisely the spectral

elements that persist from a to b in the filtration.
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Properties

Let λl ,jk denote the j th least eigenvalue of △k on Ω(Xl). Then,
from Hodge theory

The birth of a zero eigenvalue corresponds to the birth of a
topological feature.

The birth of a non-zero eigenvalue corresponds to the death
of a topological feature.

Remark

Hence, analysis of the Hodge Laplacians recovers all of the
information given by the persistent homology.

This is a bit of a lie.
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Together, these ideas suggest that

The evolution of the λl ,1k may indicate upcoming (with respect to
the filtration) of births and deaths of topological features.

This might be realized as the derivative(s) (with respect to the

filtration) of the spectra △a,b
k .

However, in practice this requires our filtration to be indexed over
a continuous moduli space B (e.g. R), and it remains to be shown

that λl ,jk varies differentiably with respect to j ∈ B.
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Summary

Persistent homology captures useful topological information about
filtrations of manifolds, particularly noisy point cloud data.

However, it gives strictly less information than analyzing the
evolution of Hodge Laplacian spectra over the filtration.

In the same way that classical Hodge theory compares topological
and geometric data, I hope to compare topological and geometric
features of data sets using persistent Hodge theory.
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More importantly, it provides a finer way of measuring geometric
progression of evolving data sets along a time parameter.

Another potential direction is to combine the techniques from
persistent homology and persistent Hodge theory. That is, to
compute the progression of Betti numbers and eigenvalues jointly
over a 2-dimensional parameter space.

There is a robust theory for computing persistent homology
varying over non partially ordered parameter spaces. There are few
obstructions extending this framework to persistent Hodge theory.
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